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The quadrature method of moments (QMOM) is a promising tool for the solution of
population balance equations. QMOM requires solving differential algebraic equations
(DAEs) consisting of ordinary differential equations related to the evolution of
moments and nonlinear algebraic equations resulting from the quadrature approxima-
tion of moments. The available techniques for QMOM are computationally expensive
and are able to solve for only a few moments due to numerical robustness deficiencies.
In this article, the use of automatic differentiation (AD) is proposed for solution of
DAEs arising in QMOM. In the proposed method, the variables of interest are
approximated using high-order Taylor series. The use of AD and Taylor series gives
rise to algebraic equations, which can be solved sequentially to obtain high-fidelity
solution of the DAEs. Benchmark examples involving different mechanisms are used to
demonstrate the superior accuracy, computational advantage, and robustness of
AD-QMOM over the existing state-of-the-art technique, that is, DAE-QMOM. VVC 2011
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Introduction

Population balance models have been widely used for
modelling particulate, droplet, or bubble dynamics in single
or multiphase processes.1–3 The solution of a population bal-
ance equation (PBE) usually requires complex numerical
techniques. The variety of solution approaches proposed

for the PBE includes the standard method of moments
(MOM),4 the quadrature method of moments (QMOM),5 the

method of characteristics,6–8 method of weighted residuals,9

direct numerical solution techniques, such as finite element

scheme,10 fixed pivot method,11 high-resolution finite volume

methods,12–14 weighted essentially nonoscillatory methods15–17

and lattice Boltzmann method,18,19 and kinetic Monte Carlo

simulation approaches.20,21 The numerical robustness and

computational efficiency of the solution methods are of signif-

icant importance, especially in the cases of model-based

control and optimization, as well as in coupled computational

fluid dynamics and PBE applications.22,23

A preliminary version of this work was presented at 9th International Symposium
on Dynamics and Control of Process Systems held in Leuven, Brussels in July
2010.
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The QMOM proposed by McGraw5 is one of the most ef-
ficient approaches for solving generic PBEs with growth,
nucleation, aggregation/coalescence, and breakage mecha-
nisms. The QMOM utilizes the quadrature theory to avoid
the closure problem encountered in the case of standard
MOM simulations. The PD-QMOM by McGraw5 is based
on the product difference algorithm (PD) of Gordon.24

Application of the PD-QMOM has been extended to aggre-
gation, coagulation, and breakage systems.25–27 However, the
PD algorithm is not always the best approach for computing
the quadrature points from the moments of the particle size
distribution, because for a larger number of moments, the
method is sensitive to small errors. Therefore, the applicabil-
ity of PD-QMOM is limited to no more than six quadrature
points5 and generally even fewer for more complex proc-
esses, such as diffusion-controlled growth with secondary
nucleation.28

Several variants of the QMOM methods have been
developed recently, such as Jacobian matrix transformation
(JMT) method,29 direct QMOM (DQMOM),30 and fixed
QMOM (FQMOM).31 Similar to the PD-QMOM, the JMT
method suffers from ill-conditioning requiring the number
of moments to be small.29 For one-dimensional (1D) PBEs,
as considered in this article, DQMOM has been shown to
provide the same level of accuracy as PD-QMOM.
Although DQMOM overcomes some of the limitations of
PD-QMOM, it can still be ill-conditioned for higher num-
ber of moments.32 The FQMOM method requires finding
an optimized arbitrary constant, which may require many
trial and error iterations for complex systems.28 Recently,
an alternate solution technique for the QMOM was intro-
duced based on the simultaneous solution of the moment
equations and quadrature approximation as a semiexplicit
differential-algebraic equation (DAE) system.28,33 The
DAE-QMOM28 showed increased robustness and signifi-
cantly better computational efficiency than PD-QMOM.
These advantages, however, can only be achieved with
the analytical computation of the Jacobian matrix of the
DAE system, which is not readily possible for complex
mechanisms.

In this article, a novel methodology is proposed for the so-
lution of 1D PBEs based on an automatic differentiation
(AD) algorithm. AD lies in a class of computational techni-
ques used to evaluate the derivatives of functions defined in
computer programs.34,35 Such programs consist of a
sequence of elementary operations, whose derivatives are
well known. By numerically applying the chain rule to these
arithmetic sequences, not only AD can deliver derivatives,
which are free of truncation error, hence superior to finite
difference approximation, but also avoids code growth,
which is a common issue associated with symbolic differen-
tiation approaches. In AD, high-order Taylor coefficients of
continuous functions can be recursively obtained. Recursive
algorithms for solving general differential equations
and DAE problems using high-order Taylor series have also
been developed.36,37 Recently, the superior computational
efficiency and numerical accuracy of this method for
solving various dynamic optimization problems have been
demonstrated.38–40

In this work, the AD-based recursive Taylor approach
is applied to solve the DAEs arising in QMOM (AD-

QMOM) with a focus to tackle the numerical robustness
associated with the large number of moments and quadra-
ture points. The numerical difficulty of the QMOM formu-
lation is mainly due to the corresponding algebraic equa-
tions, which are the same for all applications. For these
equations, the recursive algorithm derived in this work
shows that the Taylor coefficients of the algebraic varia-
bles can be efficiently obtained by solving a set of linear
equations. This result makes the AD-based approach much
more efficient and accurate than other methods. The AD-
QMOM approach is evaluated for various mechanisms
using benchmark examples taken from literature. It is
shown that AD-QMOM provides increased robustness and
computational efficiency compared with the DAE-
QMOM.28 In particular, AD-QMOM is shown to be 2–10
times faster than DAE-QMOM with similar levels of accu-
racy. Furthermore, AD-QMOM allows us to track the evo-
lution of 14–20 moments easily, which is not possible
using the existing QMOM techniques. We point out that
although in practice only the first few lower order
moments are physically meaningful, solving for a higher
number of moments is still beneficial as it reduces the
error associated with the lower order moments arising due
to quadrature approximation as well as facilitates the accu-
rate reconstruction of the particle size distribution from
the calculated moments.41

The rest of this article is organized as follows: first, the
DAEs arising in QMOM for solving 1D PBEs are presented,
and the AD-QMOM for solving these DAEs is derived. Sub-
sequently, numerical examples involving different mecha-
nisms are used to demonstrate that the AD-QMOM can pro-
vide the same level of accuracy as DAE-QMOM, when used
for solving for low number of moments. Finally, the compu-
tational efficiency and robustness of AD-QMOM are eval-
uated, and the article is concluded.

Quadrature Method of Moments

The monovariate PBE for a closed well-mixed system can
be written with diameter as the internal coordinate as:31,42

@nðLÞ
@t

¼
Z 1

L

bðL; kÞaðkÞnðkÞdk|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
birth due to breakage

þ L2

2

Z L

0

bððL3 � k3Þ1=3; kÞnððL3 þ k3Þ1=3; kÞnðkÞ
ðL3 � k3Þ2=3

dk|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
birth due to coalescence or aggregation

� aðLÞnðLÞ|fflfflfflfflffl{zfflfflfflfflffl}
death due to breakage

� nðLÞ
Z 1

0

bðL; kÞnðkÞdk|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
death due to coalescence or aggregation

� @ðGðLÞnðLÞÞ
@L|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

growth

þ dðL� L0ÞB|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
nucleation

ð1Þ

where n is the particle size distribution, and b, a, G, B, b,
and L0 are the aggregation kernel, breakage kernel, growth
rate, nucleation rate, the daughter particle size distribution,
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and the size of the nuclei, respectively, whereas both L and k
are the particle characteristic length. In Eq. 1, d(L – L0)
represents the Dirac delta function, which is zero for all
values of L, except when L ¼ L0, and its integral over L
equals 1. The PBE in Eq. 1 can be simplified using a
moment transformation, where the rth moment of the
distribution, lr, is given by:

lr ¼
Z 1

0

nðLÞLrdL: (2)

The lower order moments (i.e., zeroth to third) are related
to the physical description of the particle size distribution;
that is, l0 is the total number of particles, and l1, l2, and l3
are proportional to the total diameter, total surface area, and
total volume of the particles, respectively. After the moment
transformation, the PBE in Eq. 1 is represented by a set of
ordinary differential equations (ODEs) in terms of the
moments:

dlr
dt

¼
Z 1

0

Lr
Z 1

0

aðkÞbðL; kÞnðkÞdkdL|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
birth due to breakage

þ 1

2

Z 1

0

nðkÞ
Z 1

0

bðL; kÞðL3 þ k3Þr=3nðLÞdLdk|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
birth due to coalescence or aggregation

�
Z 1

0

LraðLÞnðLÞdL|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
death due to breakage

�
Z 1

0

LrnðLÞ
Z 1

0

bðL; kÞnðkÞdkdL|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
death due to coalescence or aggregation

�
Z 1

0

rLr�1GðLÞnðLÞdL|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
growth

þ BLr0|{z}
nucleation

: ð3Þ

The moment equations represented by Eq. 3 are solvable
for constant growth and nucleation problems using the
standard MOM technique. This approach, however, cannot
handle more complex mechanisms, such as breakage and
coalescence, due to the closure problem, because the
integrations cannot be written in term of the moments.
Therefore, Eq. 3 needs to be transformed again into a
QMOM formulation to eliminate the closure problem. The
essence of the quadrature closure is to consider the number
density n(L) as a general weight function and to approxi-
mate the integrals that appear during the transformation
of the PBE to moment equations in terms of a set of
abscissas and weights. The QMOM use a quadrature
approximation5:

lr ¼
Z þ1

0

nðLÞLrdL �
XN
‘¼1

w‘L
r
‘; r ¼ 0; 1; � � � ; 2N � 1 (4)

where w‘ are the weights, L‘ are the abscissas, and N is
the number of quadrature points. This quadrature approxima-
tion is exact if the function in Eq. 4 is a polynomial up to the
order 2N � 1. After applying the quadrature rule, the moment-
transformed PBE can be written as31,42:

dlr
dt

¼
XN
‘¼1

w‘aðL‘Þbðr;L‘Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
birth due to breakage

þ 1

2

XN
‘¼1

w‘

XN
m¼1

wmbðL‘; LmÞðL3‘ þ L3mÞr=3|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
birth due to coalescence or aggregation

�
XN
‘¼1

w‘aðL‘ÞLr‘|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
death due to breakage

�
XN
‘¼1

w‘L
r
‘

XN
m¼1

wmbðL‘;LmÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
death due to coalescence or aggregation

� r
XN
‘¼1

w‘L
r�1
‘ GðL‘Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

growth

þ BLr0|{z}
nucleation

: ð5Þ

Now the closure problem has been eliminated, and hence,
the PBE in (5) is solvable by QMOM approach by following
the evolution of w‘, L‘, and lr. The moments are nonlinearly
related to the weights and abscissas by (4).

The QMOM requires integration of the ODEs in (5) gen-
erated from the moment equations for r ¼ 0,1,���,2N � 1,
alongside the solution of nonlinear algebraic equations in (4)
obtained from the quadrature rule. Equations 4 and 5 to-
gether represent a semiexplicit index-1 DAE system, which
can be solved using standard DAE solution techniques and
software. The DAE method is attractive for using the
QMOM, because it arises naturally from the mathematical
formulation of the QMOM approximation problem.28,33 For
increased robustness, the Jacobian of the DAE system should
be computed analytically and used in the numerical integra-
tion of the system.28 Although previous studies have shown
that the DAE-QMOM method provides a computationally
more efficient and robust approach for solving PBEs than
other QMOM-based approaches, this technique is still lim-
ited to a small number of quadrature points (typically
not more than 5–6) and relies on the computation of the ana-
lytical Jacobian of the DAE system, which is not always
possible. Thus, there is a strong need to develop alternate
methods, which are more robust and computationally more
efficient than DAE-QMOM. Such a method is presented in
the next section.

Automatic Differentiation-Based QMOM

In this section, we present the AD-QMOM technique for
solving the DAEs arising in the QMOM formulation. Before
presenting the detailed derivation of the proposed technique,
some general principles of AD and the use of high-order
Taylor series expansion for solving the DAEs associated
with the QMOM are presented. The general AD principles
can be found in the monograph by Griewank.35 Approaches
using high-order Taylor series expansion for solving general
DAEs have been proposed earlier in the literature.36,37

For the DAEs associated with QMOM, however, the differ-
ential (lr) and algebraic (w‘ and L‘) variables can be easily
identified, which allows the derivation of a more efficient
algorithm than the algorithms available for solving general
DAEs.
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General principle

Let f : Rn ! Rm be a d-time continuously differentiable
function and xðtÞ 2 Rn be given as a truncated Taylor series:

xðtÞ ¼ x½0� þ x½1�tþ � � � þ x½d�td ¼
Xd
k¼0

x½k�tk (6)

where x[k] is the kth Taylor coefficient of x(t). Then, the Taylor
coefficients of

zðtÞ ¼ f ðxðtÞÞ ¼
Xd
k¼0

z½k�tk (7)

can be recursively calculated through AD based on the chain
rule,

z½k� � f ½k�ðx½0�;…; x½k�Þ: (8)

A few examples of such recursive Taylor coefficient formu-
lations are given in Table 1. The derivatives of z[k] satisfy:43

@z½k�

@x½j�
¼ @z½k�j�

@x½0�
¼ A½k�j�ðx½0�;…; x½k�j�Þ (9)

where A[k-j] is the (k � j)th Taylor coefficient matrix of the
Jacobian matrix, @f

@x, which depends on x[0],x[1],���,x[k-j]. Based
on Eq. 9, it can be readily proven that f[k] is linear with respect
to x[j] for k/2\ j � k and satisfies:35

f ½k�ðx½0�;…; x½k�Þ ¼ f ½k�
��
x½j�¼���¼x½k�¼0

þ
Xk
i¼j

A½k�i�ðx½0�;…; x½k�i�Þx½i�:

(10)

In Eq. 10, f[k]|x[j]¼x
[jþ1]

¼…¼x
[k]

¼0 ¼ f[k](x[0],…,x[j-1],0,…,0)
is referred to as the partial Taylor coefficient with
x[j],x[jþ1],…,x[k] set to zero. The linearity is based on the fact
that A[k-i] is independent of x[i], whenever i [ k � i. A spe-
cial case of Eq. 10 for j ¼ k with j,k � 1 will be used to
derive the solution of a DAE later.

Consider a DAE problem given as

dx

dt
¼ _x ¼ f ðx; yÞ (11)

0 ¼ gðx; yÞ (12)

where x 2 Rn and y 2 Rm are differential and algebraic
variables, respectively. Based on Eq. 6, _x½k� ¼ ðk þ 1Þx½kþ1�

and thus

x½kþ1� ¼ 1

k þ 1
f ½k�ðx½0�;…; x½k�; y½0�;…; y½k�Þ (13)

For the algebraic equation in Eq. 12, according to Eq. 10
with j ¼ k, g[k] is linear with respect to y[k] for k[ 0, that is,

g½k�ðx½0�;…; x½k�; y½0�;…; y½k�Þ ¼ g½k�
��
y½k�¼0

þAy½k� (14)

where g[k]|y[k]¼0 ¼ g[k](x[0],…,x[k],y[0],…,y[k-1],0) is the partial
Taylor coefficient with y[k] ¼ 0 and A ¼ qg[0](x[0],y[0])/qy[0] is
an m � m matrix, which depends only on x[0] and y[0]. For an
index 1 problem, A is invertible. Therefore, y[k] can be
recursively obtained from the condition g[k] : 0 as

y½k� ¼ �A�1g½k�
��
y½k�¼0

: (15)

Alternatively, by applying Eqs. 13 and 15, the Taylor
coefficients of the solution to the DAE given in Eqs. 11 and
12 can be recursively obtained.

The efficiency of the AD method greatly relies on error
control to adopt the integration step as large as possible.
The maximum integration step, h to control the local
error within the specified tolerance, f has been derived
by Cao38 and is briefly discussed next. Assume that
~xðtÞ ¼ xTðtÞ yTðtÞ½ �T at the next integration time t ¼ t0 þ h
be ~xðt0 þ hÞ ¼Pd

k¼0 ~x
½k�ðt0Þhk þ eðh; dÞ, where e(h,d) is the

truncation error. Then,

�ðh; dÞ � Cðh=rÞdþ1
(16)

where r is the radius of convergence, and C is a constant. For a
sufficiently large d,

r � rd :¼ k ~x½d�1� k1
k ~x½d� k1 : (17)

As, eðh; d � 1Þ � eðh; dÞðrd=hÞ � eðh; dÞ þ k~x½d�k1hd, it
leads to the following estimation of the truncation error:

�ðh; dÞ � hdþ1 k ~x½d� k21
k ~x½d�1� k1 �h k x½d� k1 (18)

Therefore, for specified d and error tolerance f, the inte-
gration step can be estimated to satisfy e(h,d) � f. For h [
1, it leads to38

h � f k ~x½d�1� k1
k ~x½d� k21

� �1=ðdþ1Þ
: (19)

For improving numerical stability, a time-scaling factor, s,
can be introduced in Eq. 13. Let the scaled time be ts ¼ t/s.
Then, Eq. 11 can be expressed as dx/dts ¼ (dx/dt)(dt/dts) ¼
sdx/dt ¼ sf(x,y) and similar to (13), we have

x½kþ1� ¼ s
k þ 1

f ½k�ðx½0�;…; x½k�; y½0�;…; y½k�Þ: (20)

Usually s can be chosen to be unity, but the numerical
stability can be improved by properly selecting s. This

Table 1. Useful Identities for Propagation of Taylor Series
Coefficients

35

z z[k]

1 cx cx[k]

2 x þ y x[k] þ y[k]

3 xy
Pk

j¼0 x
½k�j�y½j�

4 xr 1
k x½0� r

Pk
j¼1 jz

½k�j�x½j� �Pk�1
j¼1 jx

½k�j�z½j�
� �
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happens as the numerical property of calculation involving
extremely small and extremely large numbers is very poor
due to the limited precision of floating point computation. In
the Taylor approach, the truncation error mainly depends on
the norm of the high-order term of the Taylor series,
kx[d]hdk. When h 	 1 or h 
 1, for the same error toler-
ance, kx[d]k is extremely small or large, respectively. This
causes the numerical property of the iterative Taylor coeffi-
cient calculation to be very poor. When the scaling factor s
is used, the actual integration step is ~h ¼ sh, where h is
determined in Eq. 19. Ideally, s should be chosen as s ¼ ~h
so that h ¼ 1. However, h is determined using Eq. 19 after
x[k] corresponding to a given s is calculated. To avoid recal-
culation of x[k], we select s to be the previous time step ~h.
Assume in step j, the scaling factor is sj, and the scaled inte-
gration length determined in (19) is hj. Then, the true inte-
gration length is sjhj, which can be used as the scaling factor
for step j þ 1, i.e. sjþ1 ¼ sjhj.

AD-QMOM

As shown in last section, QMOM requires solving the fol-
lowing DAE system:

dlr
dt

¼ frðl;w;L; cÞ (21)

gr ¼ lr �
XN
‘¼1

w‘L
r
‘ ¼ 0; r ¼ 0; 1; � � � ; 2N � 1 (22)

where c ¼ [b, a, G, B, b, L0]. Equation 21 depends on the
system type, whereas Eq. 22 is the same for every system.

To solve the DAE system in Eqs. 21 and 22 using the AD
method, the variables of interest, namely l, w, and L, are
approximated using dth order Taylor series,

lrðtÞ ¼ l½0�r þ l½1�r tþ � � � þ l½d�r td ¼
Xd
k¼0

l½k�r tk (23)

w‘ðtÞ ¼ w
½0�
‘ þ w

½1�
‘ tþ � � � þ w

½d�
‘ td ¼

Xd
k¼0

w
½k�
‘ tk (24)

L‘ðtÞ ¼ L
½0�
‘ þ L

½1�
‘ tþ � � � þ L

½d�
‘ td ¼

Xd
k¼0

L
½k�
‘ tk (25)

where l½k�r , w
½k�
‘ , and L

½k�
‘ are the kth Taylor coefficients of lr(t),

w‘(t), and L‘(t), respectively. These coefficients can be
recursively obtained through AD.

To solve the ODEs in Eq. 21, let

frðtÞ ¼
Xd
k¼0

f ½k�r tk (26)

where f
½k�
r is the kth Taylor coefficients of fr(t). It follows from

Eq. 21 that

l½kþ1�
r ¼ s

k þ 1
f ½k�r ; k ¼ 1; 2; � � � ; d � 1 (27)

where s is a time scaling factor as explained earlier.

Clearly, f
½k�
r depends on the Taylor coefficients of w, L,

and l, which is problem specific. These relationships for
specific examples are derived in the next section. The focus
of the rest of this section is on solving the algebraic equa-
tions in Eq. 22. Note that the zeroth-order Taylor coeffi-
cients of w‘ and L‘ are inherited from the previous step.
According to the principle of AD for general algebraic
equations shown in (14), the higher order Taylor coeffi-
cients of w‘ and L‘ are derived by solving a set of linear
equations, as shown next.

For convenience of notation, we define vr‘ ¼ w‘L
r
‘. It fol-

lows that v(rþ1)‘ ¼ vr‘L‘. Then, the Taylor coefficients of vr‘
can be recursively derived as follows

v
½k�
r‘ ¼ w

½k�
‘ ; r ¼ 0Pk
j¼0 v

½j�
ðr�1Þ‘L

½k�j�
‘ ; r � 1:

(
(28)

Using (14), we have

v
½k�
r‘ ¼ v

½k�
r‘

���
w
½k�
‘
¼L

½k�
‘
¼0
þ @v

½0�
r‘

@w
½0�
‘

w
½k�
‘ þ @v

½0�
r‘

@L
½0�
‘

L
½k�
‘ : (29)

Therefore, the Taylor coefficients of the rth algebraic
equation gr can be represented as:

g½k�r ¼ l½k�r �
XN
‘¼1

v
½k�
r‘ (30)

¼ l½k�r �
XN
‘¼1

v
½k�
r‘

���
w
½k�
‘
¼L

½k�
‘
¼0
þ @v

½0�
r‘

@w
½0�
‘

w
½k�
‘ þ @v

½0�
r‘

@L
½0�
‘

L
½k�
‘

 !
(31)

Based on Eq. 28, it follows that

v
½k�
r‘

���
w
½k�
‘
¼L

½k�
‘
¼0
¼

0; r ¼ 0Pk
j¼1 v

½j�
ðr�1Þ‘

���
w
½k�
‘
¼L

½k�
‘
¼0
L
½k�j�
‘ ; r � 1

(
(32)

Note that v
½j�
r‘ is independent of w

½k�
‘ and L

½k�
‘ , when j \ k.

Therefore, v
½j�
r‘jw½k�

‘
¼L

½k�
‘
¼0

¼ v
½j�
r‘ for j\ k.

As v
½0�
r‘ ¼ w

½0�
‘ (L

½0�
‘ )r and g

½0�
r ¼PN

‘¼1 v
½0�
r‘ , the sensitivities

of g
½0�
r against w

½0�
‘ and L

½0�
‘ are

@g
½0�
r

@w
½0�
‘

¼ @v
½0�
r‘

@w
½0�
‘

¼ ðL½0�‘ Þr (33)

@g
½0�
r

@L
½0�
‘

¼ @v
½0�
r‘

@L
½0�
‘

¼ rw
½0�
‘ ðL½0�‘ Þr�1: (34)

Now, the expression for g
½k�
0 can be simplified as

g
½k�
0 ¼ l½k�0 �

XN
‘¼1

w
½k�
‘ : (35)

Similarly, for r � 1, we have
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g½k�r ¼ l½k�r �
XN
‘¼1

v
½k�
r‘

���
w
½k�
‘
¼L

½k�
‘
¼0|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

~l½k�r

�
XN
‘¼1

ðL½0�‘ Þrw½k�
‘ þ rw

½0�
‘ ðL½0�‘ Þr�1L

½k�
‘

� �
ð36Þ

Equation 36 is linear with respect to w
½k�
‘ and L

½k�
‘ . There-

fore, the kth Taylor coefficients of w‘ and L‘ can be obtained
by solving the following 2N linear equations derived by let-
ting g

½k�
r ¼ 0, for r ¼ 0,…,2N � 1,

Ap ¼ q (37)

where

A ¼

1 � � � 1 0 � � � 0

L
½0�
1 � � � L

½0�
N w

½0�
1 � � � w

½0�
N

ðL½0�1 Þ2 � � � ðL½0�N Þ2 2w
½0�
1 L

½0�
1 � � � 2w

½0�
N L

½0�
N

ðL½0�1 Þ3 � � � ðL½0�N Þ3 3w
½0�
1 ðL½0�1 Þ2 � � � 3w

½0�
N ðL½0�N Þ2

..

. ..
. ..

. ..
. ..

. ..
.

ðL½0�1 Þ2N�1 � � � ðL½0�N Þ2N�1 ð2N � 1Þw½0�
1 ðL½0�1 Þ2N�2 � � � ð2N � 1Þw½0�

N ðL½0�N Þ2N�2

2
6666666666664

3
7777777777775

(38)

p ¼ w
½k�
1 � � � w

½k�
N L

½k�
1 � � � L

½k�
N

h iT
(39)

q ¼ l½k�0 ~l½k�1 ~l½k�2 � � � � � � ~l½k�2N�1

h iT
(40)

Note that the matrix A depends on the zeroth-order Taylor

coefficients only and, thus, needs to be inverted only once

for all k. The same result has been derived through a differ-

ent approach by Kariwala et al.44 The procedure for AD-

QMOM is given in Algorithm 1.

Algorithm 1 Initially, compute lr(0), r ¼ 0,1,…2N � 1,

based on the given initial distribution. Solve the nonlinear

equations in Eq. 22 to obtain w‘(0) and L‘(0), ‘ ¼ 1,2,…,N.
Choose d and initial s. While t\ tf:

(a) Set l½0�r ¼ lr(t), w
½0�
‘ ¼ w‘(t), and L

½0�
‘ ¼ L‘(t).

(b) Compute A in (38) and its inverse. Set v
½0�
r‘ ¼

w
½0�
‘ (L

½0�
‘ )r.

(c) For k ¼ 0 to d
(i) Compute the partial Taylor coefficient, v

½k�
r‘ jw½k�

‘
¼L

½k�
‘
¼0
.

Compute ~l½k�r and solve linear equations in (37) to

get w
½k�
‘ and L

½k�
‘ . Update v

½k�
r‘ using (29).

(ii) Compute f
½k�
r and set l½kþ1�

r ¼ s
kþ1

f
½k�
r .

(d) Select h to satisfy (19) with

~xðtÞ ¼ lTðtÞ wTðtÞ LTðtÞ½ �T .
(e) Update lr, w‘, and L‘ using (23)–(25).

(f) Set t ¼ t þ sh and update s ¼ sh. Go to step (a).

Validation of AD-QMOM

In this section, we validate AD-QMOM by comparing its

accuracy with DAE-QMOM using benchmark examples

involving different mechanisms, namely growth, nucleation,

aggregation, and breakage. All of these examples were also

considered by Gimbun et al.28 to show the application of

DAE-QMOM. For all the examples, the final simulation time

is tf ¼ 100 s. DAE-QMOM is applied using the Matlab rou-

tine ode15s with relative and absolute tolerances set to 10�12

and 10�10, respectively. For AD-QMOM, we set d ¼ 20 and

initially s ¼ 0.15, while the tolerance level f is determined

such that the percentage errors in l is comparable with
DAE-QMOM. Here, the percentage error is defined as

% error ¼ lanalytical � lcalculated
lanalytical

� 100: (41)

For ease of comparison of the accuracy, the percentage
error values are calculated for both the methods at the same
time points given as t ¼ 0,1,2,���,100 s.

Diffusion-controlled growth

First, a crystallization process is considered only with
growth mechanism, which is entirely diffusion-controlled. The
general equation for the diffusion-controlled linear growth rate
under constant supersaturation conditions can be written as45

G ¼ G0

L
(42)

In this article, we consider that G0 ¼ 0.01 m2/s. For this
process, based on Eq. 3, the moment equations are:

dlr
dt

¼ rG0lr�2; r ¼ 1; 2; � � � ; 2N � 1 (43)

These moment equations are not closed for any N, as l1
depends on l�1 ¼

R1
0

ð1=LÞnðLÞdL.5 Using the quadrature
approximation, the moment equations can be derived to be:

dlr
dt

¼ frðw‘; L‘;G0Þ ¼ rG0

XN
‘¼1

w‘L
r�2
‘ (44)

The initial distribution is given as

nð0; LÞ ¼ 3L2
l0ð0Þ
m0

e�L3=m0 (45)

with l0(0) ¼ 1 m�3 and m0 ¼ 1 m3. The moments at t ¼ 0
are obtained by analytically calculating

R1
0

nð0;LÞLrdL for
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r ¼ 0,1,���,2N � 1, where N ¼ 3. The weights w and sizes L at
t ¼ 0 are obtained by solving the nonlinear algebraic equations
numerically.

The analytical solution is available only for the even
moments and is given as5

l0ðtÞ ¼ l0ð0Þ (46)

l2ðtÞ ¼ 2G0l0ðtÞtþ l2ð0Þ (47)

l4ðtÞ ¼ 4G2
0l0ðtÞt2 þ 4G0l2ð0Þtþ l4ð0Þ: (48)

The analytical size distribution at time t is given as31

nðL; tÞ ¼ 3l0ð0Þ
m0

L
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2 � 2G0t

p
e�ðL2�2G0tÞ1:5=m0 (49)

which is numerically integrated using Matlab routine quadl to
obtain the the odd moments. Note that the analytical
integration of Eq. 49 is difficult due to the presence of
discontinuity at L ¼ 2G0t.

28

To apply AD-QMOM to solve this problem, we need to
find the Taylor coefficients of fr. Based on Eq. 44 and Table
1, the Taylor coefficients of fr are derived as follows:

f ½k�r ¼ rG0

XN
‘¼1

Xk
j¼0

w
½k�j�
‘ Lr�2

‘

� 	½j�
(50)

where (Lr�2
‘ )[j] can be found using Identity 4 in Table 1.

AD-QMOM is applied with f ¼ 10�10, and the evolution
of the moments is shown in Figure 1. As expected, the num-
ber of particles (given by l0) remains constant, whereas the
other moments increase with time, as the particles grow. The
% errors for the even moments (for which analytical solution
is available) are shown in Figure 2. Both the methods pro-
vide similar accuracies with the errors for l2 being slightly
lower for AD-QMOM. Although the % error in l4 obtained
using AD-QMOM increases with time, the absolute % error
for this moment does not exceed 4 � 10�9 for long-time

simulation. Overall, this example demonstrates the potential
of AD method to provide accurate solutions for QMOM.

Constant growth with nucleation

Next, we consider an example with constant growth and
nucleation rates, where G ¼ 0.01 m/s and B0(t) ¼ 0.1 m�3/s.
The initial distribution is given by (45). It is assumed that
the size of nuclei L0 is zero. Under this assumption, the
moment equations are

dlr
dt

¼ B0; r ¼ 0

rGlr�1; r � 1



; (51)

which are closed, and standard MOM can be used.28 Never-
theless, this example is useful to demonstrate the ability of
AD-QMOM to handle nucleation. With quadrature approx-
imation, the moment equations are

dlr
dt

¼ frðw‘;L‘;G;B0Þ ¼ B0; r ¼ 0

rG
PN

‘¼1 w‘L
r�1
‘ ; r � 1



(52)

On the basis of Eq. 51, we note that

lrðtÞ ¼ rG

Z t

0

lr�1ðtÞdtþ lrð0Þ; r � 1 (53)

Figure 1. Evolution of Moments for diffusion-controlled
growth; analytical solution (lines), AD-QMOM
(circles); For odd moments, analytical solu-
tion is not available and numerical integration
of Eq. 49 is instead used.

Figure 2. Comparison of % errors in moments for diffu-
sion-controlled growth using AD-QMOM (con-
tinuous line) and DAE-QMOM (dashed line).

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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which can be used to compute analytical solutions for any
number of moments. For example, the analytical solution for
the first three moments is given as:28

l0ðtÞ ¼ B0tþ l0ð0Þ (54)

l1ðtÞ ¼ B0G
t2

2
þ Gl0ð0Þtþ l1ð0Þ (55)

l2ðtÞ ¼ B0G
2 t

3

3
þ 2G2l0ð0Þ

t2

2
þ 2Gl1ð0Þtþ l2ð0Þ: (56)

The application of AD method for r � 1 is the same as
the previous example, but some care is needed for r ¼ 0. As
B0 does not change with time, we need to use

f
½k�
0 ¼ B0; k ¼ 0

0; k � 1



: (57)

The AD method is applied with f ¼ 10�15. The evolution
of the first six moments and their errors are shown in
Figures 3 and 4, respectively. Similar to the previous exam-
ple, it can be noted that the accuracies of both the methods
are similar with the errors for l4 and l5 being marginally
lower for AD-QMOM.

Aggregation with constant kernel

To illustrate the applicability of AD-QMOM method to
processes with aggregation, we consider an example with
b(L‘,Lm) ¼ 1, while the growth, nucleation, and breakage
phenomena are not present. In this case, the moment equa-
tions are given as

dlr
dt

¼ frðw‘;L‘Þ ¼ 1

2

XN
‘¼1

w‘

XN
m¼1

wmðL3‘ þ L3mÞr=3

�
XN
‘¼1

w‘L
r
‘

XN
m¼1

wm: ð58Þ

The initial distribution is given by (45) with l0(0) ¼ 1 m�3

and m0 ¼ 0.001 m3. The analytical solution is given as46

lrðtÞ ¼ lrð0Þ
2

2þ l0ð0ÞbðL‘;LmÞt
� �1�r=3

: (59)

Before implementation of the AD method, the moment equa-
tions are simplified to avoid redundant calculations. Let L
denote the ensemble of all possible pairs (with repetition)
among N indices, 1,…,N, where the cardinality of L is
jLj ¼ NðN þ 1Þ=2. For example, for N ¼ 3, L ¼ fð1; 1Þ;
ð1; 2Þ; ð1; 3Þ; ð2; 2Þ; ð2; 3Þ; ð3; 3Þg. With this notation,

frðw‘; L‘Þ ¼
X

ð‘;mÞ2L
w‘wmðL3‘ þ L3mÞr=3ð1� 0:5~dð‘� mÞÞ

�
XN
m¼1

wm

XN
‘¼1

w‘L
r
‘ ð60Þ

where ~d represents the Kronecker delta function, which takes a
value of one, if its argument is zero, and is zero otherwise. To
derive an explicit expression for f

½k�
r , the following inter-

mediate variables are introduced:

ui ¼ w‘wmð1� 0:5~dð‘� mÞÞ (61)

vi ¼ L3‘ þ L3m (62)

Xir ¼ v
r=3
i (63)

Y‘r ¼ w‘L
r
‘ (64)

zr ¼
XN
‘¼1

Y‘r (65)

Figure 3. Evolution of Moments for Constant Growth
with Nucleation; analytical solution (lines),
AD-QMOM (circles).

Figure 4. Comparison of errors for Constant Growth
with Nucleation using AD-QMOM (continuous
line) and DAE-QMOM (dashed line).

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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where ‘ ¼ 1,2,���,N and i ¼ 1,2,���,N(N þ 1)/2. Thus, we
have

frðw‘;L‘Þ ¼
XNðNþ1Þ=2

i¼1

uiXir � z0zr (66)

and

f ½k�r ðw‘;L‘Þ ¼
XNðNþ1Þ=2

i¼1

Xk
j¼0

u
½k�j�
i X

½j�
ir �

Xk
j¼0

z
½k�j�
0 z½j�r (67)

where the Taylor coefficients of intermediate variables are
found using the identities in Table 1. Although the procedure
for finding f

½k�
r (w‘,L‘) may seem complicated, it only involves

breaking down the overall calculation into basic calculation,
such as summation, binary product, and power, through
introduction of intermediate variables.

AD-QMOM is applied with f ¼ 10�10, and the evolution of
the first six moments and their % errors are shown in Figures 7
and 8, respectively. It can be noted that both the methods con-
serve l3 closely showing that the volume of the particles
remain unchanged. The accuracy of the two methods for other
moments is nearly identical, as is clear from the overlapping
curves in Figure 6. It can be noted that as compared with the
earlier examples, the errors in the moments is much larger.
When AD-QMOM is used to solve the model equations for
larger N, these errors reduce significantly. For example, the
maximum absolute % errors in l4 and l5 are 2.30 � 10�7 and
3.26 � 10�7, respectively, for N ¼ 9. This implies that the
large errors are mainly due to the quadrature approximation,
which is beyond the control of the AD algorithm.

Volume breakage kernel

Finally, we consider a breakage example, where the break-
age kernel and probability of breakage are given as47

aðLÞ ¼ L3; bðL; kÞ ¼ 6L2

k3
; (68)

which imply breakage of larger particles into smaller particles
with equal volume. The moment equations can be derived to be

dlr
dt

¼
XN
‘¼1

w‘aðL‘Þbðr;L‘Þ �
XN
‘¼1

w‘aðL‘ÞLr‘: (69)

For b(L, k) in Eq. 68, bðr; L‘Þ ¼ 6Lr
‘

rþ3
. Thus, the moment

equations can be simplified as

dlr
dt

¼ frðw‘;L‘Þ ¼ 3� r

3þ r

XN
‘¼1

w‘L
rþ3
‘ (70)

The initial distribution is given by Eq. 45. The analytical
solution for the size distribution at any time t is given as47

nðL; tÞ ¼ 3L2ð1þ tÞ2 expð�L3ð1þ tÞÞ; (71)

which can be integrated to find the analytical solution for
moments.

For application of AD-QMOM, the Taylor coefficients of
fr can be found as follows:

f ½k�r ¼ 3� r

3þ r

XN
‘¼1

Xk
j¼0

w
½k�j�
‘ Lrþ3

‘

� 	½j�
(72)

where (Lrþ3
‘ )[j] can be found using Identity 4 in Table 1.

AD-QMOM is applied with f ¼ 10�16, and the evolution
of the first six moments and their % errors are shown in
Figures 7 and 8, respectively. Similar to the aggregation
example, both the methods conserve l3 precisely and pro-
vide the same level of accuracy for other moments. The
large errors seen in the moments are due to the quadrature

Figure 5. Evolution of Moments for Aggregation with
constant kernel; analytical solution (lines),
AD-QMOM (circles).

Figure 6. Comparison of errors for Aggregation with
constant kernel using AD-QMOM (continuous
line) and DAE-QMOM (dashed line).

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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approximation, which reduces significantly when AD-
QMOM is applied with larger N; see next section for details.

Computational Efficiency and Robustness

The results of the last section demonstrate that the pro-
posed AD-QMOM can provide the same level of accuracy
as the DAE-QMOM. In this section, the performances of
these algorithms are compared further in terms of computa-
tional efficiency and robustness. For this purpose, the differ-
ent examples are solved with both the methods with the
same parameter values, that is, relative and absolute toleran-
ces for DAE-QMOM and, d and f for AD-QMOM, respec-
tively, as used in the last section. To obtain a reliable esti-
mate of the solution time, each problem is solved 100 times,
and the median value of the CPU time is reported. All com-
putations are carried out on a Windows Vista PC with an
IntelVR CoreTM 2 Duo Processor E6750 (2.66 GHz, 4-MB
RAM) using MATLABVR R2010a.

The CPU times needed by both methods for different
examples are shown in Table 2. When used to solve for six
moments (N ¼ 3), AD-QMOM requires lower computation
time than DAE-QMOM for all the examples. The computa-
tional efficiency of AD-QMOM is most prominent for diffu-
sion-controlled growth, for which AD-QMOM requires an
order of magnitude lower computation time than DAE-
QMOM. This computational advantage is a result of the
large time steps (h) taken by AD-QMOM; hence requiring
only seven iterations to solve the model until tf ¼ 100 s.
Similarly, for the case of volume breakage kernel, AD-
QMOM is about six times faster than DAE-QMOM. For
aggregation with constant kernel, AD-QMOM requires much
larger number of floating point operations but is still about
four times faster than DAE-QMOM. For nucleation with
constant growth, AD-QMOM is seen to be only twice as fast
as DAE-QMOM. In this case, the Taylor coefficients of w
and L do not decay to zero fast enough and thus to maintain
the required level of accuracy, the AD-QMOM algorithm
needs to take smaller time steps toward the beginning of the
simulation. As mentioned earlier, the moment equations for
this example are closed and standard MOM formulation
can be used. When used to solve the ODE model in Eq. 51,
AD-QMOM is able to provide very high levels of accuracy

(order 10�14) in only 0.0312 s. This confirms our earlier
argument that the lower computational advantage of AD-
QMOM for the case of nucleation with constant growth is
due to the need to maintain low error in w and L.

Both the methods are also used to solve the DAE model
in Eqs. 21 and 22 for larger number of moments, where N[ 3.
Here, N is increased sequentially until the method fails to
solve the model until the final simulation time of tf ¼ 100 s.
DAE-QMOM is only able to handle cases until N ¼ 3
for diffusion-controlled growth and breakage examples, and
N ¼ 5 for nucleation with constant growth and aggregation
examples. For higher values of N, Matlab routine ode15s fails
to solve the DAEs until tf ¼ 100 s with desired accuracy. In
comparison, AD-QMOM is able to solve for much larger num-
ber of moments showing robustness. For diffusion-controlled
growth until N ¼ 7 and, aggregation and breakage examples
until N ¼ 9, the CPU time increases almost linearly with N.
For larger values of N for these examples, the A matrix in
Eq. 38 becomes nearly singular, which causes the integration
step h to be very small, and AD-QMOM is not able to provide
the solution in reasonable time. The increase in CPU time
with N for the case of nucleation with constant growth is faster
than other examples but is still quadratic. Based on these
observations, it can be concluded that the AD-QMOM scales
well with problem dimensions.

It is worth pointing out that the AD-QMOM maintains
high levels of accuracy, even when used to solve for a large
number of moments. To illustrate this, the average % error
of the moments obtained for different values of N for the
case of volume breakage kernel are shown in Table 3. For
this example, for N ¼ 3, both the methods show comparable
but large errors in the moments due to the quadrature

Figure 8. Comparison of errors for Volume Breakage
Kernel using AD-QMOM (continuous line) and
DAE-QMOM (dashed line).

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 7. Evolution of moments for Volume Breakage
Kernel; analytical solution (lines), AD-QMOM
(circles).
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approximation; see also Figure 8. DAE-QMOM fails for N
larger than 3, whereas AD-QMOM is able to solve the
model equations successfully until N ¼ 9. The error in
moments decreases monotonically, as N is increased. The av-
erage errors in lower order moments (l0 – l5) are about two
to three orders of magnitude lower for N ¼ 9 when com-
pared with N ¼ 3. For N ¼ 9, the average error in higher
order moments obtained using AD-QMOM is reasonable
(order 10�2). Interestingly, the time taken by AD-QMOM to
solve for 18 moments (N ¼ 9) is lower than the time taken
by DAE-QMOM to solve for six moments (N ¼ 3); see
Table 2. Similar trends are also seen for aggregation with
constant kernel. Overall, in comparison with DAE-QMOM,
AD-QMOM provides higher level of accuracy for a given
computational time or in other words and requires lower
computational time for providing the same level of accuracy.

The use of AD-QMOM to solve for a given number of
moments of the PBE requires the selection of two parame-
ters, that is, tolerance level (f) and the number of Taylor se-
ries coefficients (d). Among these parameters, the choice of
f is more critical to obtain a trade-off between the accuracy
and solution time. Although reducing f monotonically
improves the accuracy at the expense of larger solution time,
it is worth pointing out that f can only affect the numerical

error in l but not the error arising due to quadrature approxi-
mation. Thus, in general, the observed error in l can differ
significantly from the chosen f. On the other hand, the accu-
racy and solution time are relatively insensitive to the choice
of d. To demonstrate this, the case of volume breakage ker-
nel is considered with N ¼ 9 and f ¼ 10�16. This example
is solved for d ranging from 10 to 50. For every value of d,
the errors in all the moments are nearly identical to the val-
ues shown in Table 3, and the CPU time required by the
algorithm is shown in Figure 9. It can be noted that the CPU
time initially decreases, as the use of a larger d allows larger
time steps (h). For larger values of d, the increase in Dt is
balanced by the increased computational load for additional
Taylor coefficients. Thus, the CPU time for 18 � d � 50
only differs by approximately �15% in comparison with the
case of d ¼ 20 (used in this article). This observation high-
lights that the accuracy and solution time of AD-QMOM are
not very sensitive to the choice of d, as long as d is chosen
to be sufficiently large.

Conclusions

Solving PBEs accurately and efficiently represents a com-
putational challenge. In the article, an AD-based approach is

Table 2. Comparison of CPU Times (s) for DAE-QMOM and AD-QMOM

Method N
Diffusion-Controlled

Growth
Constant

Growth with Nucleation
Aggregation with
Constant Kernel

Volume
Breakage Kernel

DAE-QMOM 3 0.3588 0.2808 0.2964 0.7488
4 – 0.3432 0.3588 –
5 – 0.4992 0.4524 –

AD-QMOM 3 0.0312 0.1404 0.0780 0.1248
4 0.0468 0.2184 0.1092 0.1560
5 0.0624 0.2808 0.1248 0.2184
6 0.0780 0.3744 0.1404 0.2808
7 0.0936 0.4680 0.1716 0.3588
8 – 0.6084 0.1872 0.4680
9 – 0.7176 0.2964 0.5928
10 – 0.8892 – –

Table 3. Average % Error for Volume Breakage Kernel

DAE-QMOM
AD-QMOM

N ¼ 3 N ¼ 3 N ¼ 5 N ¼ 7 N ¼ 9

l0 7.99 � 10�14 1.16 � 10�13 2.49 � 10�13 5.73 � 10�14 8.77 � 10�13

l1 0.0214 0.0214 3.03 � 10�3 2.65 � 10�4 6.83 � 10�5

l2 0.0903 0.0903 2.67 � 10�3 3.26 � 10�4 8.74 � 10�5

l3 0 0 0 0 0
l4 0.0172 0.0172 3.10 � 10�3 1.04 � 10�3 2.24 � 10�4

l5 0.0764 0.0764 8.17 � 10�3 2.65 � 10�3 6.71 � 10�4

l6 0.0835 0.0835 0.0148 4.81 � 10�3 1.45 � 10�3

l7 0.1063 0.1063 0.0231 7.50 � 10�3 2.51 � 10�3

l8 0.1577 0.1577 0.0334 0.0107 3.81 � 10�3

l9 0.7219 0.7219 0.0454 0.0144 5.32 � 10�3

l10 2.1949 2.1949 0.0592 0.0187 7.01 � 10�3

l11 4.8330 4.8330 0.0753 0.0233 8.88 � 10�3

l12 8.7990 8.7990 0.0930 0.0290 0.0110
l13 14.0421 14.0421 0.1184 0.0354 0.0133
l14 20.3901 20.3901 0.1689 0.0429 0.0160
l15 27.5707 27.5707 0.2765 0.0505 0.0191
l16 35.2612 35.2612 0.5002 0.0595 0.0225
l17 43.1326 43.1326 0.9766 0.0693 0.0262

Numbers in italics denote the average % error for the moments extrapolated using w‘ and L‘ based on Eq. 22.
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proposed to solve PBE using the QMOM. The AD-QMOM
uses high-order Taylor expansions to obtain accurate solution
of the DAEs arising from the quadrature approximation.
Examples involving different mechanisms show that for the
same accuracy level, AD-QMOM is 2–10 times faster than
conventional DAE solvers. The AD-QMOM is also more ro-
bust and is able to handle a much higher number of
moments than conventional DAE solvers. In summary, this
article establishes AD-QMOM as a promising approach for
solving PBEs. The superior efficiency and robustness of AD-
QMOM make the approach useful for parameter estimation,
process optimization, online model-based control, and
coupled CFD-PBE simulations.
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